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Abstract

In this paper we examine implications of model uncertainty due to robustness (RB) for
consumption decisions, aggregate savings, and welfare under limited information-processing
capacity (rational inattention or RI) in an otherwise standard permanent income model with
filtering. We first show that RB and risk-sensitivity (RS) are observationally equivalent (OE)
under imperfect information due to RI in the sense that they lead to the same consumption
and saving decisions if consumers use the regular Kalman filter to extract signals. Second,
we find that once allowing RS consumers to use the risk-sensitive filter and RB consumers
to use the robust Kalman filter to extract signals, the absolute and linear OE between
RB and RS no longer holds; instead, we find a conditional and nonlinear OE between RB
and RS. Furthermore, we find that in the filtering problem, either a stronger preference
for robustness in the Kalman gain, a stronger risk-sensitive preference, or higher channel
capacity can increase the Kalman gain. Finally, we explore how RB in the filtering problem
interacts with RI and affects consumption dynamics, aggregate savings, and the welfare costs

of uncertainty.
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1 Introduction

Hansen and Sargent (1995, 2007) first introduce robustness (RB, a concern for model misspec-
ification) into linear-quadratic (LQ) economic models. In robust control problems, agents do
not know the true model generating the data and are concerned about the possibility that their
model (denoted the approximating model) is misspecified; consequently, they choose optimal
decisions as if the subjective distribution over shocks was chosen by an evil nature in order to
minimize their expected utility.! Robustness models produce precautionary savings but remain
within the class of LQ models, which leads to analytical simplicity.>? A second class of models
that produces precautionary savings but remains within the class of LQ models is the risk-
sensitive (RS) model of Hansen and Sargent (1995) and Hansen, Sargent, and Tallarini (1999)
(henceforth, HST). In the RS model agents effectively compute expectations through a distorted
lens, increasing their effective risk aversion by overweighting negative outcomes. The resulting
decision rules depend explicitly on the variance of the shocks, producing precautionary savings,
but the value functions are still quadratic functions of the states. As shown in Hansen and
Sargent (2007), the risk-sensitivity preference can be used to characterize robustness as they
lead to the same consumption, saving, and welfare.?

In Luo and Young (2010a), we study the properties of risk-sensitive and robust L(Q permanent
income models with rational inattention (RI), and show that RS, RB, and the discount factor are
observationally equivalent in the sense that RB-RI, RS-RI, and RI models possess combinations
of parameters such that their implied consumption-savings rules are the same. Sims (2003)
first introduce rational inattention into economics and argued that it is a plausible method
for introducing sluggishness, randomness, and delay into economic models. In his formulation
agents have finite Shannon channel capacity, limiting their ability to process signals about the
true state of the world. As a result, an impulse to the economy induces only gradual responses by
individuals, as their limited capacity requires many periods to discover just how much the state

has moved. The key assumption in Luo and Young (2010) is that agents with finite capacity

!The solution to a robust decision-maker’s problem is the equilibrium of a max-min game between the decision-

maker and nature.
?See Hansen and Sargent (2010) for a recent survey on robustness.
3Tt is worth noting that although both RB (or RS) and CARA preferences (i.e., Caballero 1990 and Wang

2003) increase the precautionary savings premium via the intercept terms in the consumption functions, they
have distinct implications for the marginal propensity to consume out of permanent income (MPC). Specifically,
CARA preferences do not alter the MPC relative to the LQ case, whereas RB or RS increases the MPC. That is,
under RB, in response to a negative wealth shock, the consumer would choose to reduce consumption more than

that predicted in the CARA model (i.e., save more to protect themselves against the negative shock).



distrust their budget constraint, but still use an ordinary Kalman filter to estimate the true
state; in this case, a distortion to the mean of permanent income is introduced to represent
possible model misspecification. However, this case ignores the effect of the RI-induced noise
on the demand for robustness. In other words, since RI introduces additional uncertainty, the
endogenous noise due to finite capacity, into economic models, RI by itself creates an additional
demand for robustness.

In this paper we first construct an RB-RI permanent income model with two types of concerns
about model misspecification: (i) concerns about the disturbances to the perceived permanent
income (the disturbances here include both the fundamental shock and the Rl-induced noise
shock) and (ii) concerns about the Kalman gain. For ease of presentation, we will refer to the
first type of robustness as Type I and the second as Type II. Furthermore, in the RS permanent
income model with information imperfections due to RI, the classical Kalman filter that ex-
tremizes the expected value of a certain quadratic objective function is no longer optimal in this
risk-sensitive LQ setting. The reason is that in the risk-sensitive LQ problem the objective func-
tion is an exponential-quadratic function; consequently, the risk-sensitive filter is more suitable
than the classical Kalman filter (the conditional mean estimator) for estimating the imperfectly
observed state.! After solving the RB and RS models with suitable filters, we establish the
observational equivalence (OE) conditions between RB and RS. We find that the absolute and
linear OE between RB and RS established in Hansen and Sargent (2007) and Luo and Young
(2010) no longer holds, we instead have conditional and highly nonlinear OE between RB and
RS.

We then examine how different types of robustness affects optimal consumption, precaution-
ary savings, and welfare costs of uncertainty via interacting with finite capacity.® Specifically,
we show that given finite capacity, the two types of robustness have opposing impacts on the
marginal propensity to consume out of perceived permanent income (MPC) and precautionary
savings. For Type I robustness, since agents with low capacity are very concerned about the
confluence of low permanent income and high consumption (meaning they believe their perma-
nent income is high so they consume a lot and then their new signal indicates that in fact their
permanent income was low), they take actions which reduce the probability of this bad event —
they save more. As for Type II robustness, an increase in the strength of this effect increases the
Kalman gain, which leads to lower total uncertainty about the true level of permanent income

and then low precautionary savings. In addition, the strength of the precautionary effect is

1See Speyer, Fan, and Banavar (1992) and Banavar and Speyer (1998).
®Note that since RB and RS are OE, we can obtain the similar results about the effects of RS on consumption,

saving, and welfare.



positively related to the amount of this uncertainty that always increases as finite capacity gets
smaller. Using the explicit expression for consumption dynamics, we also show that increasing
Type II robustness increases the robust Kalman filter gain and thus leads to less relative volatil-
ity of consumption to income (less smooth consumption process). In contrast, Type I robustness
increases the relative volatility of consumption by increasing the MPC out of changes in per-
manent income. This mechanism is similar to that examined in Luo and Young (2010a). In an
economy with a continuum of agents whose survival probability is p, we find that in the steady
state equilibrium, RB and RI not only affects the level of aggregate precautionary savings, but
also affects the level of non-precautionary wealth. Specifically, RB and RI reduce the level of
non-precautionary wealth and increases the level of precautionary savings; as a result, they in-
crease the relative importance of precautionary savings in aggregate wealth. Finally, using the
established OE conditions, we show that under the OE, robustness (or risk-sensitivity) and the
discount factor lead to different welfare costs of uncertainty. Specifically, we show that given
finite capacity, the welfare losses for RB-RI agents are decreasing with both Type I robustness
and Type II robustness.

The remainder of the paper is organized as follows. Section 2 presents the robustness version
of the RI permanent income model with the regular Kalman filter, and discusses the observa-
tional equivalence result between robustness, risk-sensitivity and the discount factor. Section 3
introduces risk-sensitive filtering and establish the OE between RS and RB in this case. Section
4 introduces robust Kalman gain and studies how two types of robustness, concerns about the
fundamental shock and the RI-induced noise and the robust Kalman gain, affect consumption
and precautionary savings. We then establish the OE between RB and RS in this case. Section 5
examines how robust filtering and risk-sensitive filtering affect consumption dynamics, aggregate

savings and welfare. Section 6 concludes.

2 Robust Control and Filtering under Rational Inattention

2.1 A Rational Inattention Version of the Standard Permanent Income
Model

In this section we consider a rational inattention (RI) version of the standard permanent income
model. In the standard permanent income model (Hall 1978, Flavin 1981), households solve the

dynamic consumption-savings problem

v(sp) = max Ey
ct

Zﬂ’*uw] (1)
t=0



subject to

st41 = Rst — ¢t + Ger, (2)
where u(c;) = —% (et — 6)2 is the period utility function, ¢ > 0 is the bliss point, ¢; is consump-
tion,

st =wp + L i R By [yi1) (3)
R = J

is permanent income, i.e., the expected present value of lifetime resources, consisting of financial

wealth plus human wealth,

o

j—(t+1)
Gl = % > <;2> (B — Ey) ys]; (4)

j=t+1
is the time (¢ 4 1) innovation to permanent income, w; is cash-on-hand (or market resources),
y¢ is a general income process with Gaussian white noise innovations, 3 is the discount factor,
and R > 1 is the constant gross interest rate at which the consumer can borrow and lend freely.
Note that when y follows the following AR(1) process with the persistence coefficient p € [0, 1],
Yir1 — G = p(yt — Y) + 141, G+1 = €141/ (R — p), where g,41 is iid with mean 0 and variance
w?. For the rest of the paper we will restrict attention to points where ¢; < €, so that utility
is increasing and concave. This specification follows that in Hall (1978) and Flavin (1981) and

implies that optimal consumption is determined by permanent income:

N e

We assume for the remainder of this section that SR = 1, since this setting is the only one
that implies zero drift in consumption. Under this assumption the model leads to the well-known
random walk result of Hall (1978):

Aciy1 = (R —1) Gg1; (6)

the change in consumption depends neither on the past history of labor income nor on anticipated
changes in labor income. We also point out the well-known result that the standard PTH model
with quadratic utility implies the certainty equivalence property holds; thus, uncertainty has no
impact on optimal consumption, so that there is no precautionary saving.

Following Sims (2003) and Luo (2008), incorporating RI into the above otherwise standard

permanent income model leads to the following consumption rule:

1 . 1 1
Ct:<R—m>St—]H<1—IB}%>C, (7)

®We only require that y; and R are such that permanent income is finite.




where 5; = Ey [s] is the perceived state (the conditional mean of the state). s; is governed by

the following Kalman filtering equation
Str1=(1 = 0) (Rsy — ct) + 0 (5141 + §e41) (8)

where § = /A = 1—1/exp(2k) € [0, 1] is the constant optimal weight on any new observation,’
2

2

k is the consumer’s channel capacity, ¥ = 0° = var[s;|Z;] =  is the conditional

Ye
exp(2k)—R
[wZ+R23)%
wg+(R271)E ’
so ~ N (50,%). Note that after substituting (2) into (8), we have an alternative expression of

variance of sy, &1 is the iid endogenous noise with A = A2 = var [¢;11] = and given

the regular Kalman filter:

St41 = RSt — ¢t + Meg1, 9)
where
Ner1 = OR (54 — 5¢) + 0 (Cey1 + Eev1) (10)

is the innovation to the mean of the distribution of perceived permanent income,

(1-10)G 3

1-1-0R L 1-(1-0R-L (11)

St—gt:

and Ey [n:4+1] = 0 because the expectation is conditional on the perceived signals and inattentive
agents cannot perceive the lagged shocks perfectly.®

In the next section, we will discuss alternative ways to robustify this RI-PIH model and their
different implications for consumption, precautionary savings, and the welfare costs of uncer-
tainty. The RB-RI model proposed here encompasses the hidden state (HS) model discussed
in Hansen, Sargent, and Wang (2002) and Hansen and Sargent (2007b); the main difference is
that agents in the RB-RI model cannot observe the entire state vector perfectly, whereas agents
in the RB-HS model can observe some part of the state vector (in particular, the part they

control).

2.2 Concerns about the Fundamental Shock and the Noise Shock

As shown in Hansen and Sargent (2007), we can robustify the permanent income model by
assuming agents with finite capacity distrust their model generating the data (i.e., their income
process), but still use an ordinary Kalman filter to estimate the true state. In this model, a

distortion to the mean of income is introduced to represent possible model misspecification.

"That is, # measures how much new information is transmitted each period or how much uncertainty is removed

upon the receipt of a new signal.
8For the filter to converge to the steady state we need & > log (R) ~ R — 1.



Without the concern for model misspecification, the consumer has no doubts about the proba-
bility model used to form the conditional expectation of current and future income.
Following Luo and Young (2010), the robust permanent income (PI) problem with inattentive

consumers is formulated as follows:

0 (8;) = max min {—; @ — ) + BE; (97 + 7 (5141)] } (12)

Ct vt

subject to the budget constraint
st41 = Rsy — ¢ +wevy + Cogt, (13)
and the regular Kalman filter equation
Si41 = (1 = 0) (Rs; — ¢ + wevy) + 0 (se41 + &ev1) (14)

where s; is permanent income, c¢; is consumption, v4 is the worst-possible case shock, ¥ is the
parameter measuring the preference for RB, 6 is the Kalman filter gain, and &;4; is the iid
endogenous noise due to RI. After substituting (13) into (14), the Kalman filter equation can
be rewritten as

St41 = Rsp — ¢4 +weve 4+ npy1 (15)
where 7,41 is given in . The following proposition summarizes the solution to the above RB-RI

model when SR = 1.

Proposition 1 Given ¥ and 0, the consumption function is

R—1_ II

=TSt T T (16)
where
ng

Proof. See Appendix 7.1. =

However, it is clear that the Kalman filter under RI, (9), is not only affected by the funda-
mental shock ((;41), but also affected by the endogenous noise (£;+1) induced by finite capacity;
these noise shocks could be another source of the demand for robustness. We therefore need
to consider this demand for robustness in the RB-RI model. By adding the additional concern

for robustness developed here, we are able to strengthen the effects of robustness on decisions.’

9Luo, Nie, and Young (2010) use this approach to study the joint dynamics of consumption, income, and the

current account.



Specifically, we assume that the agent thinks that (9) is the approximating model. Following
Hansen and Sargent (2007), we surround (9) with a set of alternative models to represent a
preference for robustness:

Sti1 = Rs — ¢ + Wyl + Ng41- (18)

Under RI the innovation 7.1, (10), that the agent distrusts is composed of two MA(o0)
processes and includes the entire history of the exogenous income shock and the endogenous
noise, {Ci41,Ct, - €05 &1, &t -+, ot The difference between (15) and (18) is the third term;
in (15) the coefficient on 14 is we while in (18) the coefficient is w,; note that with # < 1 and
R > 1 it holds that we < wy,.
The optimizing problem for this RB-RI model can be formulated as follows:
7(5;) = maxmin {—; (ct — €)% + BE; [9v + 7 (3141)] } (19)

Ct 147

subject to (18). (19) is a standard dynamic programming problem and can be easily solved
using the standard procedure. The following proposition summarizes the solution to the RB-RI

model.

Proposition 2 Given ¥ and 0, the consumption function under RB and RI is

R—-1_ IIe

“T1omt T 1i-mw (20)
the mean of the worst-case shock is
(R—-DI. I _
e T A T R
and S; is governed by
St41 = PsSt + N1 (21)
where p, = =8 € (0, 1),
II= ]Zf’ > 0, (22)
2 4 2

w, = var (1] = WW@

where niy1 is defined in (10), and 0 (k) =1 — 1/ exp(2k).
Proof. See Appendix 7.3. m

Equations (20) and (22) determine the effects of model uncertainty due to RB and state

uncertainty due to RI on the marginal propensity to consume and the precautionary saving



premium. We now can compare these effects from proportionate shifts in ¥ governing RB and
0 governing RI. Specifically, the marginal effects on II from a proportionate increase in ¥ and 6

are given by
Ruw? (1 - R?
8—1_119:—ﬂ aunda—H _ B ( ) 2wg,
09 20 00 291 - (1 - 6) R?]

respectively. Therefore, the marginal rate of transformation between proportionate changes in

¥ and 6 is given by
(011/09)9  1—(1—0)R?
(011/00)6 1—-R2
This result gives the proportionate increase in ¢ that compensates, at the margin, for an propor-

mrt =

(23)

tionate decrease in ¥—in the sense of preserving the same impact on the consumption fucntion.
Equation (23) shows that this compensating change depends only on the interest rate and the

degree of inattention measured by 6.

2.3 RS-RI Model with the Regular Kalman Filter and Observational Equiv-
alence Between RS and RB

Risk-sensitivity (RS) was first introduced into the LQ-Gaussian framework by Jacobson (1973)
and extended by Whittle (1981, 1990). Exploiting the recursive utility framework of Epstein
and Zin (1989), Hansen and Sargent (1995) introduce discounting into the RS specification and
show that the resulting decision rules are time-invariant. In the RS model agents effectively
compute expectations through a distorted lens, increasing their effective risk aversion by over-
weighting negative outcomes. The resulting decision rules depend explicitly on the variance of
the shocks, producing precautionary savings, but the value functions are still quadratic func-
tions of the states.' In HST (1999) and Hansen and Sargent (2007), they interpret the RS
preference in terms of a concern about model uncertainty (robustness or RB) and argue that
RS introduces precautionary savings because RS consumers want to protect themselves against
model specification errors.
Following Luo and Young (2010), we formulate an RI version of risk-sensitive control based
on recursive preferences with an exponential certainty equivalence function as follows:
(60 = max{ = (o~ 0 + 5 0 6] (24)

subject to the Kalman filter equation 9. The distorted expectation operator is now given by

Ri [V (5t41)] = —é log E¢ [exp (—a (5¢41))] ,

0Formally, one can view risk-sensitive agents as ones who have non-state-separable preferences, as in Epstein

and Zin (1989), but with a value for the intertemporal elasticity of substitution equal to one (see Tallarini 2000).



where so| Zg ~ N (é\o,ﬁz), St = Ey [sy] is the perceived state variable, 6 is the optimal weight on
the new observation of the state, and &1 is the endogenous noise. The optimal choice of the
weight 0 is given by 6 (k) = 1 — 1/exp(2k) € [0,1]. The following proposition summarizes the
solution to the RI-RS model when SR = 1:

Proposition 3 Given finite channel capacity k and the degree of risk-sensitivity «, the con-

sumption function of a risk-sensitive consumer under RI

R—-1_ IIe

Ct:l—Hst_l—H’ (25)
where
Il = Row; € (0,1), (26)
0
oy = varlien) = T gy et (21)

Mi+1 1s defined in (10), and 0 (k) =1 — 1/ exp(2k).

Proof. See Appendix 7.2. m
Comparing (20) and (25), it is straightforward to show that it is impossible to distinguish

between RB and RS under RI using only consumption-savings decisions.

Proposition 4 Let the following expression hold:

_ 1
2

Q

(28)
Then consumption and savings are identical in the RS-RI and RB-RI models.

Note that (28) is ezxactly the same as the observational equivalence condition obtained in
the full-information RE model (see Backus, Routledge, and Zin 2004). That is, under the
assumption that the agent distrusts the Kalman filter equation, the OE result obtained under
full-information RE still holds under RI.!

HST (1999) show that as far as the quantity observations on consumption and savings are
concerned, the robustness version (¢ > 0 or a > 0,5) of the PIH model is observationally

equivalent to the standard version (¥ = co or a = 0,5 = 1/R) of the PIH model for a unique

'Note that the OE becomes
ab 1

1-(1—-6)R* 29’
if we assume that the agents distrust the income process hitting the budget constraint, but trust the RI-induced

noise hitting the Kalman filtering equation.



12 The intuition is that introducing a preference for risk-sensitivity

pair of discount factors.
(RS) or a concern about robustness (RB) increases savings in the same way as increasing the
discount factor, so that the discount factor can be changed to offset the effect of a change in RS
or RB on consumption and investment.'? Alternatively, holding all parameters constant except
the pair («, 3), the RI version of the PIH model with RB consumers (9 > 0 and SR = 1) is
observationally equivalent to the standard RI version of the model (¢ = oo and B > 1/R). To do
so, we compare (7) with (16) and (25), and obtain the following OE expression for the discount

factor:

Proposition 5 Let
~ 1 1—Ruw/(29) 1 1 — Raw? 1

== == > —.
p R1-R%w2/(29)  R1- Rlaw? R

Then consumption and savings are identical in the RI, RB-RI, and RS-RI models.

3 Risk-sensitive Filtering

In Section 2.3 we solved an RS-RI model with the regular Kalman filter, and find that the
OE condition between RB and RS under RI is ezxactly the same as the OE condition obtained
in the full-information RE model. However, when the state cannot be observed perfectly, the
classical Kalman filter that minimizes (maximizes) the expected value of a certain quadratic loss
(revenue) function is no longer optimal in the risk-sensitive LQ setting. The reason is that in
the risk-sensitive LQ problem the objective function is an exponential-quadratic cost function;
consequently, the risk-sensitive filter is more suitable than the Kalman filter (the conditional

mean estimator) for estimating the imperfectly observed state.!?

3.1 Deriving the Risk-sensitive Filter Gain

In this section we will explore how the RS filtering affects consumption dynamics and precau-
tionary savings and show that the OE between RB and RS is no longer linear, but takes a
non-linear form. Note that when the state s cannot be observed perfectly, we need to know

the evolution of the perceived state 5 before we solve for the optimal behavior of the RS agent.

12HST (1999) derive the observational equivalence result by fixing all parameters, including R, except for the
pair (a, ).
'3 As shown in HST (1999), the two models have different implications for asset prices because continuation

valuations would alter as one alters («, ) within the observationally-equivalent set of parameters.
'4See Whittle (1990), Speyer, Fan, and Banavar (1992), and Banavar and Speyer (1998) for detailed discussions

and proofs about risk-sensitive filtering.

10



Given the RS preference specified in Section 2.3, rather than minimizing the weighted quadratic
sum of the squares of the estimation error (which gives rise to the Kalman filter) in the LQ
setting, in the risk-sensitive LQ setting the agent would minimize the exponential cost criterion

to obtain the risk-sensitive filter. A risk-sensitive filter solves the minimization problem

min G () = min 2 fexp (0] (20)

where
N
Ty = Z (St - §t)T (St - gt) >
t=1

where a > 0 (< 0) means risk-averse (risk-tolerant), s; is the perceived state that is a causal
function of the measurement history. The procedure used to solve (29) is provided in Speyer,
Fan, and Banavar (1992). The following proposition summarizes the main results about the

risk-sensitive filter in the permanent income model:

Proposition 6 Given the constraint specified in (2), the evolution of the perceived state s
follows:

St =Rs_1 —c + 0 [s; — (Rsi—1 — )]

where sy = sy + & s the noisy signal. The RS filter gain 0 can be written as
0, = (U7 + A7) A (30)
and the prior-observation variance Yy is propagated according to
Ui = R2 (U 4 A7 —a) T 40 (31)
where Q) = wg and A = \? = vary [§41].

In our univariate RI permanent income model, the post-observation variance 3; is determined

by channel capacity x: ¥ = 02 = ﬁ. Note that given the budget constraint, (2), the

following equation always holds under RI:
U =R +Q.
In the steady state, (31) reduces to
T+ A —a=3"1
which can be used to determine the value of the variance of the endogenous noise:
Al=x"1_ulyiq (32)

11



and the risk-sensitive filter gain:
6= (T ' +A) AT
(5 a) (2w )

S (R4 Q) Ha
Y lta '

To evaluate the effects of risk-sensitivity and channel capacity on the dynamics governed by the

risk-sensitive filter gain 6, we rewrite the expression for 6 as

Qs — (2201 +1) 7 4 aQ

(o k) = Q511 a0 (33)
1 2k) — R?
1 exp (2k) — R 7 (34)
exp (2k) exp (2k) — R2 + af)
which reduces to 8 =1 — 1/ exp (2k) when o = 0. Since af2 > 0, it is clear that
00 (o, k) 50 06 (o, k) >0, (35)

da T Ok
that is, both risk-sensitivity and finite capacity increase the Kalman gain. Since the model’s dy-
namic behavior is governed by the Kalman gain, introducing the RS filtering alters the dynamics

of consumption and savings.

3.2 Consumption Function under RS and RI

Combining this RS filtering part with the RS problem proposed in Section 2.3, we can see that
the RS preference affects both the dynamics of the perceived state and the functional form of

optimal decision rules. The following proposition summarizes the solution to the RS model when

BR=1:

Proposition 7 Given the risk-sensitive filter gain 6 and the degree of risk-sensitivity o, the

consumption function of a risk-sensitive consumer under RI

R—1_ IIc
Ct—l_HSt_l_Ha (36)
where
Il = Row} € (0,1) (37)
0(a, kK
= vl = g @)

and n41 ts defined in (10).

12



Proof. See Appendix 7.4. m

It is clear from (36) that the marginal propensity of consumption out of the perceived state
(5¢) is affected by the RS preference via both the risk-sensitive control and risk-sensitive filtering.
Specifically, the RS preference « affects the consumption function through II. Second, it also
affects w% through changes in the risk-sensitive Kalman gain 6.

Comparing (20) and (36), it is straightforward to show that it is also impossible to distinguish

between RB and RS under RI and RS filtering using only consumption-savings decisions.

Proposition 8 Let the following expression hold:

N 1] 1-(1-6(x) R 0 (a, k) -1
19—19(04,/1,}%)—5 “ 0 (k) 1-(1-6(a,r))R?| (39)

Then consumption and savings are identical in the RS-RI and RB-RI models.

Proof. Equalizing (20) and (36) yields

1 0 (k) W 0 (a, k)
201 - (1-0(k)R2  1—(1-0(a,k))R?’

where 0 (k) =1—1/exp (2k) and 6 (a, k) =1 — eprﬁ) exg)((ggi)z%;{faﬂ' By simple calculation, we
obtain (39). m

Note that (39) means that the observational equivalence condition under RI in this RS

filtering case is highly nonlinear and also depends on the other two model parameters: channel
capacity (k) and the interest rate (R) (or equivalently the discount factor 3). Figure 1 illustrates
the relationship between RS («) and RB (¢) when the OE holds for different values of capacity
(k) given that R = 1.01 and Q = wg = 1. Holding the degree of attention (k) fixed, there is
a nonlinear one-to-one correspondence between o and ¥. In addition, given 9, the higher the
degree of inattention (the smaller & is), the higher the value of a required to maintain the OE
between RS and RB.

4 Robust Kalman Filter Gain

4.1 Introducing Robustness in the Kalman Gain

Another source of robustness could arise from the Kalman filter gain. In Section 2, we assume
that the agent distrusts the innovation to the perceived state but trusts the regular Kalman

filter gain. Following Hansen and Sargent (Chapter 17, 2008), in this section we consider a

13



situation in which the agent pursues a robust Kalman gain. Specifically, assume that at ¢ the
agent observe the noisy signal
si = st + &, (40)

where s; is the true state and & is the iid endogenous noise and its variance, A\? = var [&], is
determined by

(wg + R202) o?

w? + (RZ —1)0?’

M=\ = var[g] =

2

and 02 = 7 is the steady state conditional variance. Given the budget constraint,

“¢
exp(2k)—R
sp41 = Rsy — ¢ + Gy, (41)

we consider the following time-invariant robust Kalman filter equation,

Sie1 = (1= 0) (Rsy —c) + 0 (5141 + &i41) » (42)

t
where $;11 is the estimate of the state using the history of the noisy signals, {sj} - We want
j:
6 to be robust to possible misspecification of Equations (40) and (41). To obtain robust Kalman

filter gain, the agent considers the following distorted model:

St41 = Rsp — ¢t + Qg1 + wr g, (43)
S;11 = Se1 + &1 + 011, (44)
T
where vip1 = | vigp1 Vot } are distortions to the conditional means of the two shocks, (441
and &;41.
Combining (43) with (44) gives the following dynamic equation for the estimation error:'®
e+l = (1 — 9) Re; + (1 — (9) Ct—l—l — 9§t+1 + (1 — (9) WUy 41 — 9@V27t+1. (45)

As shown in Hansen and Sargent (2007), we can solve for the robust Kalman filter gain corre-

sponding to this problem by solving the following deterministic optimal linear regulator:

0. 9]
v (eg) = el Pey = max (etTet - 19V£1Vt+1) , (46)
{res1} =5
subject to
eyl = (1 — 9) Re; + Dvyyy, (47)

5Note that control variable, ¢, does not affect the estimation error equation.
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where D = [ (1-6)w —0p |. We can compute the worst-case shock by solving the corre-

sponding Bellman equation
vip1 = Qey, (48)
where

Q= (#I-D"PD)"' DTP(1-0)R. (49)

Note that @ is a function of robustness () and channel capacity (k).
For arbitrary Kalman filter gain § and (48), the error in reconstructing the state s can be

written as

ey1 ={(1 =) R+ [(1 —O)w — 00] Q} er + (1 — 0) Gry1 — 0841 (50)
Taking unconditional mean on both sides of (50) gives

S = {1 =0 R+[(1-0)w—00Q} T + (1 — )" ¢ + 6°f, (51)
where X1 = E [e7,,]. From (51), it follows directly that in the steady state

2,2 92 2
(1—0)"wi + 07wy
1—x2 ’

X (0;Q) =

where x = (1 —0) R+ [(1 —0)w — 0p] Q. We use the program rfilter.m provided in Hansen
and Sargent (2008) to compute the robust Kalman filter gain 6 (¢, x) that minimizes the variance
of e, ¥ (6; Q):

0 (9, k) = argmin (X (0;Q (V,k))) . (52)

Figure 2 llustrates how robustness (measured by 1) and inattention (measured by k) affect the
robust Kalman gain when R = 1.01 and w = 1. It clearly shows that holding the degree of
attention (i.e., channel capacity k) fixed, increasing robustness (i.e., reducing 1J) can increase
the Kalman gain (6). In addition, for given robustness (1), the Kalman gain is increasing with
capacity. For example, when log (¢) = 3, the robust Kalman gain will increase from 60.17% to
77.35% when capacity & increases from 0.6 bits to 1 bit;' when x = 0.6 bits, the robust Kalman
gain will increase from 58.31% to 60.17% when 9 reduces from log () = 4 to 3.17

4.2 Consumption Function and Comparison with RS Filtering

After obtaining the robust Kalman gain 6 (¢, k), we can solve the Bellman equation proposed

in Section 2.2 using the Kalman filtering equation with robust 6 and obtain a new consumption

169 measures how much uncertainty can be removed upon receiving new signals on the state.
'"This result is consistent with that obtained in a continuous-time setting discussed in Kasa (2003).
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function under RB and RI:

=g T (53)
where
Rw?
M= _—"7¢ (0.1 ;
21 <@L, "
0 (9, k)
2 _ = 7 2
wy = var [ne+1] = 1—(1-60(,k)) I
and 5; is governed by
St41 = PsSt + Nes1, "

where p, = 2= € (0,1).

Note that here 6 is a function of both ¥ (concerns about Kalman gain) and x (channel

capacity), rather than simply 1 — 1/exp (2k) as obtained in Section 2.2. In this case the agent
has two types of concerns about model misspecification: (i) concerns about the disturbances
to the perceived permanent income (t9) and (ii) concerns about the Kalman gain (J). It
is clear from (53) and (54) that the two types of robustness have opposing effects on both
the marginal propensity to consume out of permanent income, i.e., the responsiveness of ¢

to Sy (MPC = %) and precautionary savings, i.e., the intercept of the consumption profile

<PS = 112% =—Cc+ 1_EH) 18 Specifically, the less the value of ¥g (Type I robustness) the larger

the MPC and the larger the precautionary saving increment, since

0 (MPC) 0 (PS)
T Jo < 0 and X 7o

For the effects of Type II robustness (1), the less the value of ¢ the less the MPC and the less

< 0.

the precautionary saving increment
o (PS)

8(1\8/[5(3) > 0 and 0 >0
because aa—wj <0, % < 0.

From (53) and (54), it is clear that the precautionary savings increment in the RB-RI model
is determined by the interaction of three factors: labor income uncertainty, preferences for ro-
bustness (RB), and finite information-processing capacity (RI). The intuition about the effects
of Type I robustness (Jy) on precautionary savings is as follows. Since agents with low capacity
are very concerned about the confluence of low permanent income and high consumption (mean-

ing they believe their permanent income is high so they consume a lot and then their new signal

18Note that given the consumption function II has the same impact on the marginal propensity to consume

and precautionary savings.
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indicates that in fact their permanent income was low), they take actions which reduce the prob-
ability of this bad event — they save more. The strength of the precautionary effect is positively
related to the amount of uncertainty regarding the true level of permanent income, and this
uncertainty increases as 6 gets smaller. The intuition about the effects of Type II robustness

() on precautionary savings is as follows. An increase in Type II robustness (a reduction in )

2
n

Figure 3 illustrates how Type II robustness (¥) and channel capacity (k) affect w%. In addition,

will increase the Kalman gain 6, which leads to lower w; and then low precautionary savings.

since Ow? Ow? Ow?
n 0 n 0 n — 0
50 = o 90,

it is clear that under certain conditions a greater reaction to the shock can either be interpreted

as an increased concern for robustness in the presence of model misspecification, or an increase in
information-processing ability when agents only have finite channel capacity. Figure 4 illustrates
II as functions of ¥y and ¢. It clearly shows that how increasing the robustness preference for
the shock to the perceived state (i.e., decreasing 9y) and reducing the preference for a robust
gain (i.e., increasing ¥) increases II and then increase the impacts of the two types of robustness
on consumption and precautionary savings.

Comparing (36) with (53), it is clear that it is also impossible to distinguish between RB

and RS under RI and RS filtering using only consumption-savings decisions.

Proposition 9 Let the following expression hold:

0 (a, k) 1 0 (Y, k)
T A 0(r)R2 2091—(1—0(0,r) B2’

(56)

1 exp(2k)—R?
exp(2k) exp(2k)—R2+af)

and savings are identical in the RS-RI and RB-RI models.

where 0 (o, k) =1 — and 0 (¥, k) is determined by (52). Then consumption

Here we assume that the values of ¥ and 1 are the same, that is, one parameter governs the
two types of robustness. It is straightforward to show that there is one-to-one correspondence
between o and ¥ (or ¥g) because II is a strictly increasing function of « or 9. In other words,
(56) is another OE condition between RB and RS. It is also highly nonlinear and also depends
on channel capacity (k) and the interest rate (R). Figure 5 illustrates the existence of OE in
this case with robust Kalman and risk-sensitive Kalman when R = 1.01 and wg = 1. It clearly
shows that there does exist an OE between RB and RS in this model. Note that if 195 and ¢ are

not the same, we can find more OE combinations as we have an additional free parameter.
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5 Implications for Consumption Dynamics, Aggregate Savings
and Welfare

In this section we examine the implications of robust or risk-sensitive Kalman filtering for con-
sumption dynamics and welfare losses due to finite capacity. For simplicity, we focus on the
OE cases when comparing welfare losses of RS (or RB) agents with agents with higher discount

factors.

5.1 Sensitivity and Smoothness of Consumption Process

Combining (53) with (55) yields the change in individual consumption in the RI-RB economy:

(1-R)I _R-1 0c, ORE
T TR 1—(1—9)R-L+0<§t_1—(1—9)R'L>}’ o7

where L is the lag operator and we assume that (1— §)R < 1.!9 This expression shows that

ACt =

consumption growth is a weighted average of all past permanent income and noise shocks. In
addition, it is also clear from (57) that the propagation mechanism of the model is determined
by the robust Kalman filter gain, 6 (¢, k). Figure 77 illustrates that consumption in the RB-RI
model reacts gradually to income shocks, with monotone adjustments to the corresponding RB
asymptote. Note that when Jy = 1 and log (¢) = 3, the robust Kalman gain 6 = 42.56%. This
case is illustrated by the dash-dotted line in Figure 6. Similarly, the dotted line corresponds
to the case in which Y9 = 2 and log (¥) = 5 (0 = 0.3541). With a stronger preference for
robustness, the precautionary savings increment is larger and thus an income shock that is
initially undetected would have larger impacts on consumption during the adjustment process.

Using (57), the relative volatility of consumption growth relative to income growth can be

written as

_sd[Acg] 0 > ) 1-0 0 A .
M SdAy] 1o jz%rﬁ 0(1—(1—0)1{2);)“9 RYja)%, (58)

where we use the fact that wg = var [§] = W—%)R?)wg’ pr=1B0c (0 1), pp=(1-@)Re

-1
(0,1), and

j i1
- . ‘
Ti=> (p{ p'§)— > (p{ ! p’5>7 for j > 1,
k=0 k=0

19This assumption requires & > %log (R) ~ %7 which is weaker than the condition needed for convergence of

the filter.
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and To = 1. Figure 7 illustrates how the combination of the two types of robustness, ¥g and
9, affects the relative volatility of consumption growth to income growth when x = 0.3 bits. It
clearly shows that given g, the relative volatility u is increasing with 9. The intuition is that
reducing 9 (i.e., increasing Type I robustness) increases the robust Kalman gain 6 and reduces
w% and II, which leads to more smooth consumption process. Note that 6 is independent of ¥y.
Hence, given 9, u is decreasing with 9o because 11 is increasing with 9J9. To explore the intuition
behind this result, we consider the perfect-state-observation case in which x = oo. In this case,

the relative volatility of consumption growth to income growth reduces to

1 2
_ / 59
=TT T (59)

which clearly shows that 1 increases the relative volatility via two channels. First, a higher 9

increases the marginal propensity to consume out of permanent income (%), and second, it
increases consumption volatility by reducing the persistence of permanent income measured by
p1: % < 0.

In the presence of robustness, rational inattention measured by « affects consumption volatil-
ity via two channels: (i) the gradual and smooth responses to income shocks (i.e., the 1 — (1 —
)R - L term in (57) and (ii) the Rl-induced noises (§;). Specifically, a reduction in capacity
K decreases the Kalman gain 6, which strengthens the smooth responses to income shock and
increases the volatility of the RI-induced noise. Luo (2008) shows that the noise effect dominates
the smooth response effect, and the volatility of consumption growth decreases with x. Figure 8
illustrates how the combination of ¥y and ¥ affects the relative volatility of consumption growth
to income growth when x = 0.3 bits and there is no noise term. In this case,

(1-R)II R-1 0¢;

Ac, = ¢ .
i G Rl R e &

Figure 8 shows that given vq, the relative volatility u is decreasing with 9. The intuition is that
reducing ¥ (i.e., increasing Type I robustness) increases the robust Kalman gain 6, which leads
to more volatile consumption process because the smooth response effect completely dominates

the noise effect.

5.2 Implications of RB and RI on Aggregate Savings

In this section, following Caballero (1994), Irene and Wang (1994), and Wang (2000), we consider
an aggregate economy with a continuum of risk averse agents. In this aggregate economy,
we examine how two types of induced uncertainty, model uncertainty due to RB and state

uncertainty due to RI, affect aggregate savings. Specifically, we assume that p is the probability
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of surviving through period t + 1, given that one is alive at . The unconditional probability of

‘=1 and the effective discount factor can be written as pg.

reaching age t is p
Combining (57) with the original budget constraint, b1 = Rb;+y; —ct, and the consumption

function (53), we obtain the evolution of individual financial wealth:

Ps — P e
byt = pby+ 5Py 4 €
t+1 = Psby + R_pyt-i- 1_H+§t+1 (60)

where

O R¢ O RS > (61)

Gt+1 = (0 —1) (<t+1_1_(1_0)R'L>+9<£t+1_1_(1—0)R-L

which reduces to 0 as there is no capacity constraint (k = oo and £ = 0). (60) can be written

recursively to yield

1 —P < e 1-pft
b1 = pbo + ZP Yj +ZPt+ g —Hﬁ' (62)
s

Assume that the initial cross-sectional distribution of the income shock is its stationary
distribution. Given that there are a continuum of agents in the model economy, the law of large
numbers (LLN) holds and we can thus construct the space of agents and the probability space
appropriately such that aggregate income is constant and all idiosyncratic shocks are cancelled

t—1

out. As the population size of the age t group is (1 — p) p'~", aggregate wealth in the economy,

A, can be written as

=(1-p)

]2

(r %) (63)

t=1

ot
where by = plby + o Z; Y- My 4 T }_Zz. At any period, there are 1 — p newborns

entering the economy and demanding a total endowment, (1 —p)bg. At the same time, 1 — p

individuals die, leaving a total accidental wealth, (1 —p) A. Following Caballero (1994), the

equilibrium condition is that the total supply of wealth equals the total demand for wealth:
by = A. (64)

Combining (63) with (64), we can obtain the equilibrium aggregate wealth

co t—1

* —Pps t—1 t—1— 1 IIc
A =(1- p) P ) + : (65)
pl—ps ;JZ; ) 1 —pps 111
The steady state equilibrium implies that
Yt =9



for any t. In this case, (65) can be rewritten as

—p 1 1- 1 Ilc
A*:ps p pg_'_ ’
R—pl—ps p 1—ps1—1I

An Ap

(66)

where Ay are Ap are is the non-precautionary and precautionary components, respectively.
Denote p the relative importance of precautionary saving to non-precautionary wealth
= Ap _ p(R—p) I e
Ay (L=p)(ps—p) 1 -1lgy

Note that here the expression of Ay is not valid in the full-information case in which ps = 1 as

it is not well defined in this case. Since p; = 11__%1] and IT depends on both RB and RI, we have

the following proposition.

Proposition 10 In the steady state equilibrium, RB and RI not only affects the level of ag-
gregate precautionary savings (Ap), but also affects the level of non-precautionary wealth (An).
Specifically, RB and RI reduce the level of non-precautionary wealth and increases the level of
precautionary savings; as a result, they increase the relative importance of precautionary savings

n aggregate wealth.

5.3 Welfare Effects of RB and RI

In this section, we examine how the interaction of the two types of robustness and inattention
affect consumer welfare, and compare different welfare implications in the RB-RI and RI settings.
To make the comparisons meaningful, we restrict our attention to combinations of preferences
that imply observational equivalence — that is, how agents whose consumption/savings decisions
are identical (but for different reasons) suffer different welfare losses from information-processing
capacity limitations.

Specifically, in the RB-RI model, the value function can be written as:

GRB-RI (5) — _ BR* —1 24 (BR?-1)c

2(5—w2/(20)" " (R—1) (5 w2/ (20)

2(R-1)*(B-w2/(20)) 1-5 PR — Rwi/ (29) 20

St (67)

9

which reduces to

R—1 S Re

~RB—RI (=~ _ _ -~
v (5)==3 (1— Rw2/(20)) " " 1 Re?/(20)""

1 R 2 1 R—-1  Rw
= ¢’ — dlog | 1—
2(R—1) (1 - Ruw?/(29)) R—-1 1 — Rw2/(209) 20

(68)

)

21



when SR = 1. This value functions can be used to compute the marginal welfare losses due
to RI at various levels of (i) channel capacities (), (ii) Type I robustness (), and (iii) Type
IT robustness (). Specifically, following Barro (2007) and Luo and Young (2010), the marginal

welfare costs (mwc) due to finite capacity in the RB-RI model can be written as

~RB—RI
mwe BB—RI _ ?U /?"GA
(8’URB_R1/880) S0
pRBE—RI R-1 R-1 wa
_ 1 1-gRB-RI 1—(R—1)w2/(29) + (1—BRB—RI)? log (1 —(R—-1) ﬁ) 8(,0727 00
T2 R(R—1) 90 Ok

22 Re =~
— S5 + S
R—RwZ/(20)°0 T T-Rw2/(20) 0

respectively. Note that here 007P 1! /9 and 9B ~F! /90 are evaluated for given 5y, and the
welfare costs due to RI are compared with that from a small proportional change in the initial
level of the perceived state 5p.

and the corresponding value function for the standard RI model is

BR? 1, (ﬁR2—1)é§__1 BR?—1 , BR*—1 ,

28 TBE-1) T 23m-12  20-B)7

In the RI case, when the standard restriction on the discount factor 3, SR = 1, holds, the value

3(8) = -

(69)

function can be rewritten as

(R—1)R
2

# 4R - D (70)

(s = - 2(R—1) 2

It is straightforward to show that when the discount factor 8 in Expression (67) satisfies

1 wy (5,9)
_ pRB—RI _ -~ _ n\>o

(71)
the observational equivalence between the RB-RI model and the RI model with SR = 1 holds
in the sense that they lead to the same consumption and savings rules. Given (71), (67) can be
rewritten as

“RB-RI j~y _ (R-1DR, R ., pEB-RI Rw?
v (81) = —7St+Rcst—2(R_ 1)0 1 /BRB—RIﬁO log[1—-(R—-1)— | (72)

2 29

The only difference between the two functions, (70) and (72), is the constant term involving
the volatility w%; this equivalence arises because the slope and curvature parameters are pinned

down by the equalization of the consumption decisions. We note that

w2 (R—1)R
i — _ _ -n M 2
1915120{ Ylog (1 (R 1)R2ﬁ> } 5 Wy
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so that the two expressions are equal if 9 = oo and f#B~Fl = 1/R. We also note that

9 (_pron (1— (r—1) R 0
g og ( )% < 0.

2
—1og (1 —(R-1) an> > ng,

Thus, we have

29 2

for finite ¥ > 0. However, this result does not mean that RB-RI households have lower

lifetime utility than RI agents do, conditional on being observationally equivalent, because

BEB-RI = 1/R—(R—1) w; (k,9) /(200) < 1/Rand % in (72) is increasing with gFB—RI,

In other words, under the OE, i.e., given the same levels of consumption and precautionary sav-

ings, the welfare costs of uncertainty of RB agents are affected by two channels: the log term,
RB—RI

2
—¢ log (1 —(R-1) R;T"O), and the discount factor term, fw%w. To analyze the effects of

finite capacity and the two types of robustness on the welfare costs of uncertainty, denote

,BRB_RI

I=-— ¥ log (BRE-HIR) (73)

1— BRB—R[

w.

2
since log <1 —(R-1) Rﬁ) = log (BRB~HIR). 1t is straightforward to show that

ar 1 RB—RI 1 LR
P [ 0] BRB-RI o log (3 R) (1- ﬁRBfRI)2 0K
_ g Lo BT 4 log (BRETRIR) 9pRE R dury
=—Vo (1- /BRB—RI)Q ow? Ok
~—

if 1 — BRB=RI 4 og (BRB~RIR) > 0. Note that given that R = 1.02 and BRP~R € [0.9,0.99],
1 — BRB=RI 4 ]og (,BRB_RI R) > (0 always holds. That is, for reasonable discount factors, the
welfare loss is decreasing with finite capacity, k. This result is similar to that obtained in Luo
(2008) and Luo and Young (2009). Similarly, we have

or 1— BRBfRI + log (BRBfRIR) aBRB—RI 6(,02
= =9 >0
oY (1 — BRB-RI)? ow2 90
N~
<'0 >0

if 1 — gRB—RI L Jog (BRB —hI R) > (0. That is, for reasonable discount factors, the welfare loss is
decreasing with Type II robustness (i.e., a reduction in 1), the concern about misspecifying the
Kalman gain. The intuition is simple: the smaller the value of ¢ (i.e., the stronger the preference

for robustness in the Kalman gain), the larger the value of  and the smaller the amount of the
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2
b
loss measured by I" given Y9 = 1 and R = 1.02. It clearly shows that I' is increasing with ¢ and

total uncertainty facing the consumer, w?. Figure 9 illustrates how ¢ and k affect the welfare

decreasing with .
Given the complexity of the expression for 5%0 that measures the effects of Type I robustness

for the welfare costs,

or _ 1 — gRB~II 4 log (P~ R) 1 BRB-RI) _ phB-RI log (5RB—R1R)
0o (1 — BRB—RI)? R 1 — BRB-RI ’

we cannot obtain an explicit result about how ¥y affects I' via interacting with « and 9. We

thus use a figure to illustrate how ¥y affects the welfare costs I'. Figure 10 illustrates the effects
of ¥g and ¥ on I when R = 1.02 and x = 0.3 bits.2’ It is clear from the figure that given s,
the welfare loss is decreasing with Type I robustness (i.e., a reduction in 9y), the concern about
misspecifying the Kalman filtering equation hitting the income shock and the endogenous noise.
The intuition for this result is that under the OE, i.e., given the same levels of consumption
and precautionary savings, ¥y affects the welfare costs of uncertainty via two channels: the
log term, —g log (1 —(R-1) R%), and the discount factor term, %, in (72).2! The
log term is increasing with the degree of Type I robustness (i.e., a reduction in Jg), while the

discount factor term is decreasing with Type I robustness because fB—F!

is decreasing with
Type I robustness; and the effect of ¥y on the discount factor term dominates that of ¥g on the
log term. This result implies that the costs of uncertainty are smaller for RB-RI agents with
stronger preference for Type I robustness than RI agents whenever the parameters are such that
their observable behavior is identical.

Furthermore, we can use the two value functions, (70) and (72), to compute the marginal
welfare losses due to RI at different levels of (i) channel capacities (k), (ii) Type I robustness
(¥9), and (iii) Type II robustness (¢). Specifically, following Barro (2007) and Luo and Young
(2010), the marginal welfare costs (mwc) due to finite capacity in the RB-RI model and the RI

model can be written as

~RB—RI
mwe BB—RI _ ?U /?KA
(O0RB—RI /934) 5o
1 [ BRB-RI R-1 R-1 wa
| T2 | TR (e w2@0)  (1_pra-Ty 108 (1 —(B-1) Té’oﬂ dw? 00
B — (R — 1) R8% + Resg 00 Ok
RI v/ 0k —& dw? 00

mwc = =

(00/9%0)50 —(R—1)R32 + Résy 90 0w’

20The result is robust to other values of channel capacity .
2! Note that 9 has no effect on the total uncertainty wf,.
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respectively. Note that here 9v*P 11 /9 and 9v7*P~F1 /90 are evaluated for given 5y, and the
welfare costs due to RI are compared with that from a small proportional change in the initial
level of the perceived state 5y9. Therefore, the following ratio, m, measures the relative marginal
welfare losses due to RI in the two economies at various capacities (k):

mwe RB—FI R—1 (1 1og(5RB—RIR)>

T ThweRl T 1_pgRB-RI\ R T BRB-RI

(74)

Expression (74) clearly shows that this ratio is different at various capacities and is determined
by BEB~RI that is a function of &, ¥, ¥, and labor income uncertainty given R. Figures 11
and 12 clearly show that the relative marginal welfare losses of RI-RB agents to RI agents are
decreasing with Type I robustness (i.e., decreasing with 1), increasing with Type II robustness

(i.e., decreasing with 9), and increasing with x.

6 Conclusion

This paper has provided a characterization of the consumption-savings behavior of a single agent
who has a preference for robustness (worries about model misspecification, RB) and the risk-
sensitivity preference (RS) with limited information-processing ability. Specifically, we show
that once allowing RS consumers to use the risk-sensitive filter and RB consumers to use the
robust Kalman filter to update the perceived state, the absolute and linear OE between RB and
RS obtained in Hansen and Sargent (2007) and Luo and Young (2010) no longer holds; instead,
we find a conditional and nonlinear OE between RB and RS. Next, we find that in the filtering
problem, either a stronger preference for robustness in the Kalman gain, a stronger risk-sensitive
preference, or higher channel capacity can increase the Kalman gain. Finally, we examine how
two types of concerns about model misspecification — (i) concerns about the disturbances to
the perceived permanent income and (ii) concerns about the Kalman gain — interact with finite
capacity to affect the optimal choices of consumption and savings in an otherwise standard

permanent income model.

7 Appendix

7.1 Solving the Robust-RI Model with Concerns about the Income Shock

To solve the Bellman equation (12) subject to (15), we conjecture that
v (5;) = —C — B5; — A52, (75)
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where A, B, and C' are constants to be determined. Substituting this guessed value function

into the Bellman equation (12) gives

1
—C — B5; — A5? = maxmin {—2 (ct — €)% + BE; [9vf — C — B3s1 — ASH4] } , (76)

Ct Vt
subject to (15):
St+1 = Rs; — ¢4 + weve + g
We can do the min and max operations in any order, so we choose to do the minimization first.
The first-order condition for v; is

20y, — 2AE; [wcyt + Rs; — Ct] we — BOJC =0,

which means that
o B + 2A (R/S\t - Ct)

t (0 aw)

we- (77)

Substituting (77) back into (76) gives
2

wel — AS?_H — Bsgy1 — C

2_B3 1 B +2A (Rs;, —
_AS?—BSt—O —max <{ —— (E _ Ct)2 + ﬁEt 9 + ( St Ct)
N 2 (19 _ Awg>

where 5341 = Rs; — ¢ + wevy + Mi41. The first-order condition for ¢; is

(C — Ct) — QBﬂth + 2,814 1 + m (RSt — C¢ + WCVt) =+ /BB 1 + m = 0

Using the solution for v; the solution for consumption is

2ABR R 5(1—Awg/19)—}—ﬁB
T Ao+ 284 T 1= AwZ]i + 254

Ct
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Substituting the above expressions into the Bellman equation gives

— A2 - B5, - C
2
1 2ABR ~ —928A¢+ BB
T2\ T A9 r2pAa™ T T AWZj0 + 284
2
B2 2AR (1 — Aw? /19) 2% (1 — Aw? /19) A+2B8AB
+ 5 5 s+ B — 5
(2 (19_14&%)) 1— Awi /0 +28A 1— Awi /0 +2BA
2
—Bw?/9 +2¢c+ 2B
1 — Aw?/9 +2BA 2(1—Awg/z9+25A)
R  —Bw?/9+2c+2B3
OB T A oAt T : - pC
— AwZ/9 +28 2(1—Awg/ﬁ+2ﬁA)

Collecting and matching terms, the constant coefficients turn out to be

BR? -1
EREErI
P 7 L
(R=1) (w2/ (20) - B)
R(BRz_l) 2 | =2
C = R—1w:z+7c).
2(5Rwag/219) (R — 1) (B=Dec +2)

When SR = 1, they reduce to
R(R-1)

e 79
2—ng/29’ (79)

Rc
B=—— 80
1 — Ru?/ (20)° (80)
O R W+ K & (81)

2 (1 ~ Rw?/ (20)) 2 (1 - ng/w) R-1)

Substituting (79) and (80) into (78) yields the consumption function (16) in the text.

The proof that II € (0, 1) follows immediately from inspection of the second-order condition

for the minimizing player.

7.2 Solving the Risk-Sensitive RI Model
To solve the Bellman equation (24) subject to 9, we conjecture that

v(8) = —C — B3, — As2, (82)
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where A, B, and C' are constants to be determined. We can then evaluate F; [exp (—aw (Si11))]

to obtain
Bt [exp (—av (541))]
=F [exp (aA??H + aBsi1 + aC)]
=F, [exp (aA (Rsy — ct)2 + aB (Rs; — ¢) + [2a0A (Rs; — ¢) + aB]mit1 + aAntZH + aC)]

b2
— (1 —9c1/2
=(1—2¢) exp <a+2(1_26)> ,

where

a=«aA(Rs; — ct)2 +aB (R5; — ¢) + aC,
b=[20A (R5; — ¢;) + aB]wy,

c= aAw%.
Thus, the distorted expectations operator can be written as

2
Ri[v (5i41)] = —é {—;log(l —2¢)+a-+ b}

2(1—2¢)
= L g(lo204)) - A ks e P (mm—e) - |C4 B,
% 1~ 20407 T~ 20407 (1 200?)
(83)
Maximizing the RHS of (83) with respect to ¢; yields the first-order condition
_(Ct_c)_‘_%(Ré\t_ct)—i_l_fOZa)%:Oa
which means that 2ABR . (1 B 2aAw2) © B3
ct 5 i (84)

T 1-20A02 1 248" T 1 20Aw? 4248
Substituting (84) and (82) into (24), and collecting and matching terms, the constant coef-

ficients turn out to be

BR? -1
A= 55 e (85)
_ (pR2-1)e
B= (R-1) (aw% — B) ’ (86)
2 _
R(GR 1) s (R—Dwp+7¢%). (87)

" 2(BR - Row?) (R—1)

Substituting (85) and (86) into (84) yields the consumption function (25) in the text.
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7.3 Solving the Robust-RI Model with Concerns about the Income Shock
and the Noise

To solve the Bellman equation (19) subject to (18),22 we simply need to replace wg with w% (we

omit the steps) in the constant terms obtained in Appendix 7.1:

_ BR*-1
A= 55w
B (BR*-1)¢
C(R—1) (w2/(29) - B)’
_ R(BRz_) _ 2, =2
" 2(BR — Rw?/20) (R—1)° (=D, +.
which reduces to
_ R(R-1)
A_Q—Rw%/ﬁ’
Rc
B:_l—Rw%/(Qﬁ)’
C= l w%—i— r @

2(1— R2/20) """ 2(1— Rw2/20) (R—1)"

when SR = 1. Using (79) and (80), we can obtain the consumption function (20) in the text.

7.4 Deriving the Stochastic Properties of Consumption
7.4.1 Deriving the Volatility of Consumption

Given that

_(1-R)I _ R-1 0¢, ORE,
Aa="9Tq (Ct_l_c)+1ﬂ[1(19)R-L+0<§t_1(19)R'L>]’

we can rewrite ¢; as follows:

B R—1[ 6G ORE,

which can be reduced to:
o = HR_ I G+ (& — R&G-1)
1-T(1—p1-L)(1—p2-L)

taking unconditional variance on both sides yields

*2Note that the only difference between (15) and (18) is that the distortion term in (15) is w¢vs, whereas it is

wyvy in (18).
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1 G+ (& — R&—1) >
—XA=p1-L)(Q=p2-1L)
2

Ct ft — Rgt—l

Var((l—p1~L)(1—P2‘L)>+Var<(1_P1'L)(1_p2'L)

)
01%213)2%{!.2]{: (p'f jp%)} ?+L§: (p’f %)—R kzl

7.4.2 Deriving the Persistence of Consumption

The first-order autocovariance of consumption can be derived as follows:

cov (¢, Cry1)

:cov< G+ (& — R&—1) 93—1 Cr1 + (§41 — RE) )
(I—p1-L)(1=p2- L) 1=E(1—=p1-L)(1=p2-L)
_<9R 1) cov< G+ (& — R&—1) Gia1 + (§e1 — RE) )

II (I—p1-L)(1=p2-L) (1 =p1-L)(1 = p2-L)

k k— k+1 k+1
[ijo,jgk (P1 Jﬂ%)} [Zj 0,j<k+1 (P1 JP%) 2

R 2 C + ft—th—l
— (pt—= (1=p1-L)(1=p2-L) " (1—p1-L)(1=p2-L)’
1-— H Gi41 + Et+1—RE:
(I1=p1-L)(I1=p2-L) * (1—p1-L)(1—p2-L)
Gt Gt
_ <QR 1>2 cov (1 Ty Tt
§&—RE §tr1—RE
1= | +eov (=ipfishny o)

.’:1

k=0 k+1 k+1—j j =7 ]
Zj:o,j§k+1 <P1 RZJ =0,j<k Pl %)
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j=0,j<Fk J=0,j<k—

)

1

(pf”‘p;‘)rws}-

(83)

R-1\*& )
01 Z +{ HZ;?O,j<k <P1 Pg) RZ] S0 <k 1(pr 1 Il )}] }wg



where we use the facts that

cov ( Gt Ct+1 >
(I=p1-L)(I—p2- L) (L=p1-L)(1—p2-L)
00 k o) k
= cov Z Z (P]fijﬁé) Ct—k,z Z (P]f JP%) Ctr1—k
k=0 | j=0,j<k ] k=0 |j=0,7<k
o [k i o [ k+1
—cov [ Y | D (Plffjﬂjz.) Gom Y | D (Plfﬂfjﬂ;) G-k
k=0 | j=0,j<k | k=0 | j=0,j<k+1
[e's) k k+1
= { > (hed) (P57 7704) | 7k
k=0 | |j=0,j<k j=0,j<k+1
and
cov < § — R&—1 §t+1 — RE: )
(L=p1-L)(I=p2-L) (L=p1-L)(1—p2-L)
— cov &+ > hea Zj 0,j<k (Plf jP%) RZ; 0]<k 1(Pk717j0§> §t—k» Etr1
+Zk 1 Z] =0,j<k (P1 P2> RZJ =0,j<k—1 <P1 ﬁﬂ]z) Str1-k
9] k k—1 k+1 k
= > (A7) -r Y (W) S (A7) -r > (A6 | ek
k=0 | |j=0<k j=0j<k—1 j=0,j<k+1 j=0,j<k

where Z?;& <k—1 (plf_l_j p%) = 0if k = 0. We can then compute the first-order autocorrelation
of consumption as follows:

[Zfzo,jgk (Plfijpg)} [Z§+é,j§k+1 (P’fJrl jP%)}
S| | f [Shase () - REE e ()]
Z?ié,jgk—l-l (PTH ! ]) RZJ =0,j<k (Plf JP%) e
[Z?O,jgk (P’f %%)1
T [Zfzo,jgk <Plf_jﬂé) RZ; =0,j<k—1 (Plf . JP%)]Q (wﬁ/wf)

p(ct,cey1) =

2 k=0
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